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We study the renormalization of non-commutative gauge theories
with matter. As in the scalar eld theory cases, there are logarith-
mic infrared divergences resulting from integrating out high momen-
tum modes. In order to reproduce the correct infrared behaviour, the
Wilsonian eective action has to include certain '`closed string\ modes
with prescribed couplings.
In the case of quiver gauge theories, realized in string theory on
orbifolds, we identify the required modes with a set of twisted sector
elds. These closed string modes have exactly the prescribed couplings
to correct the Wilsonian eective action. This provides a concrete






Noncommutative eld theories have been the focus of much interest recently.
Following their appearance in Matrix theory [1], and in string theory [2],
there has been renewed interest in their perturbative study. In [3] scalar
eld theories have been studied perturbatively. Surprisingly, some remnants
of stringy behaviour are visible even in the perturbation theory. Subsequent
discussions of the scalar eld theories include classical solutions [4], and nite
temperature eects [5].
In [3] the Wilsonian eective action of non-commutative scalar theories
was discussed. The non-commutativity parameter acts as an eective ultra-
violet cut-o, suppressing all ultraviolet divergences in non-planar diagrams.
Instead, one encounters curious infrared divergences in the 1PI eective ac-
tion. These divergences come from high momentum integration. Therefore
they are incorrectly cut-o in the Wilsonian approach.
In order to repair the Wilsonian approach, a general procedure was sug-
getsted in [3]. The Wilsonian eective action includes extra light (non-
propagating) modes, which have the required couplings to correct the infrared
behaviour of the Wilsonian eective action. Those modes were interpreted
as closed string modes.
We are interested here in examining the issues raised in [3] in a context
which is more closely related to string theory. To this eect we study the per-
turation theory of supersymmetric non-abelian gauge theory with matter1.
One can then discuss noncommutative theories that have both the above
mentioned infrared divergences (unlike the N=4 theory), and also a string
theory realization (unlike the scalar eld theories).
We nd that similar infrared eects arise also in those theories. In par-
ticular the procedure of adding closed string modes to the eective action [3]
works in the present context as well. Studying the stringy realization of the
gauge theories reveals the origin of the extra modes. They are indeed closed
string modes of the underlying string theory.
The paper is organized as follows:
In the next section we introduce the classical action for the noncommu-
tative theories we study. These theories include an arbitrary product gauge
group, with unitary factors, coupled to matter in the fundamental and in
1Noncommuatative gauge theories have been studied perturbatively in [6, 7].
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the adjoint representations. A somewhat surprising result is the existence
of gauge invariant local operators if one includes matter in the fundamental
representation. This is unlike the case of the pure gauge theory.
We then turn to studying the renormalization properties of noncommuta-
tive theories. After reviewing the results in [3] about the renormalization of
scalar theories, we calculate similar results in the gauge theory case. We con-
centrate on the  functions of each of the gauge factors, and on the associated
IR divergences.
As was the case in [3], we nd that the UV does not decouple from the
IR physics. When forming a Wilsonian eective action, there is a need to
add some "closed string" modes to account for infrared divergences. We use
the procedure outlined in [3] in the present context to write explicitly the
required modes and their couplings.
In the rest of the paper we study a string realization of such theories. A
general class of N=1 supersymmetric theories, the so called quiver theories,
can be realized as the worldvolume theories of branes transverse to an orbifold
singularity. We review the construction of the quiver gauge theories and
specify their matter content. The limit considered by Seiberg and Witten [2]
should then yield a noncommutative version of the quiver gauge theories.
In the last section we discuss the stringy realization of the closed string
modes required to x the Wilsonian eective action. We conclude that the
twist elds are indeed of the right form to be these closed string modes. Their
inclusion in the eective action summarizes the eect of the high momentum
gauge theory modes that have been integrated out. They have the correct
couplings by virtue of a relation between the  function coecients and twist
eld tadpoles, studied in [12]. We identify all the required modes in the large
Nc limit of the gauge theories, and point out a universal discrepency to do
with the overall U(1) factor.
We conclude by discussing open questions regarding the (absence of)
massive closed string contributions to the infrared divergences, and quadratic
divergences in the orbifold realization of non-supersymmetric quiver gauge
theories.
The relation between the perturbative calculation of [3] and string theory
has been also discussed in [8].
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2 Noncommutative Gauge Theories withMat-
ter
In a ordinary non-abelian gauge theory matter elds transform by a matrix
representation of the gauge group. For a non-commutative gauge theory
there can be two types of representations: left modules and right modules.
This simply asserts that the gauge group acts on the eld from the left or
from the right. Gauge invariance restricts possible couplings of such matter
elds as described below.
Suppose A is a non-commutative gauge eld, transforming in the adjoint
representation of G = U(N). The gauge transformation of A is:
A = −@ + i  A − iA   (1)
Where we suppress the fundamental U(N) indices i; j = 1; :::; N in the
gauge eld A and in the gauge parameter . With respect to the global
part of the gauge transformation, the gauge eld transforms as a bi-module:
G acts simoultaneously from the left and from the right. The eld strength
that transforms covariantly is dened as:
F = @A − @A + iA  A − iA  A (2)





d4xTr [F  F  ] (3)
Raising and lowering of spacetime indices is done with flat space metric.
The trace is in the fundamental representation of U(N). The kinetic action
for several U(N) gauge factors is simply the sum of this action for each of
the gauge factors.
We are now ready to discuss matter couplings. The gauge transformations
for the fundamental left or right modules are:
L = iL
R = −iR (4)
One can dene covariant derivatives which transform similarly, as follows:
DL = @L + iAL
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DR = @R − iRA (5)
In the commutative limit, the left and right modules go over to elds in
the fundamental and anti-fundamental respectively. It is natural to dene
Hermitian conjugation which pairs up left and right modules. In the com-
mutative limit this notion of Hermitian conjugation goes over to the usual
one.
A gauge invariant action can be written for a eld and its Hermitian
conjugate, which transform in the fundamental left and right modules, re-









We note that the kinetic term is gauge invariant before integration. The
Lagrangian density provides therefore a gauge invariant local operator. One
can easily consruct other such operators. Similarly one can use the funda-
mental representation to construct Wilson lines, which are gauge invariant
for any particular path chosen. This is in contrast to the pure gauge theory
case, where no such objects exist.
In the following we are interested in quiver gauge theories. These are
product gauge theories with gauge group factors U(N). The matter elds
transform in bi-fundamental representation. In the non-commutative case
this means that one factor of the gauge group acts from the left, and another
from the right. We denote such a eld schematically by LR, and its her-
mitian conjugate by RL. The covariant derivatives of the elds LR; RL
are:
D = @ + iA
(1)
 − iA(2)













Note that the Lagrangian density now is gauge invariant with respect to
one of the gauge factors. With respct to the other gauge factor acting on
LR, it is gauge invariant only up to total derivative. Therefore, in a quiver
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gauge theories it is still dicult to construct simple gauge invariant local
operators.
In addition we note that there is no longer a decoupled U(1) in this case,
as is the case of the single U(N) gauge theory.
The quiver gauge theories appear naturally in string theory, as reviewed
below. In the next section we study The Wilsonian eective action of these
gauge theories. We nd appearance of closed string modes similar to [3].
3 IR Divergences in Scalar Field Theory














g2      

(9)
Figure 1: Feynman diagram for the scalar theory











































































































In [3], the authors showed that the rst new term in the above 1PI action



























Integrating out  correctly reproduces the rst correction to the 1PI ac-
tion.
Similarly the logarithmic term can be obtained by adding a second eld
2 with a coupling
R










The inclusion of elds with logarithmic propagators seems arbitrary, but
[3] showed that there was a natural interpretation of these elds as coming
from closed string elds living in 2 extra dimensions. The 3+1 dimensional
theory where the - quanta live is taken to be a 3-brane living in 5+1 di-
mensions. The 2 elds live in all 5+1 dimensions, but couple to the  elds
at the brane location. The 1 elds live on the brane only.
The  elds have the closed string metric, which is g = − 1
′2 (
2)
in the brane directions, and  in the transverse directions. Furthermore,
there is a cuto 1
′ on the transverse momenta of the  elds.























We start with the case of N=1 U(N) noncommutative gauge theory.







A01 + Aata (22)
where ta are SU(N) matrices.





d4xTr [F  F  ] (23)
with
F = @A − @A + iA  A − iA  A (24)
In momentum space one can write:
F = pA
A
























 TA − pAA TA + igAA (p(1))AB (p(2))(cos(~p(1)p(2))[TA; TB]
+isin(~p(1)p(2))fTA; TBg) (25)











(cos(~p(1)p(2))[TA; TB] + isin(~p
(1)p(2))fTA; TBg)
(cos(~p(3)p(4))[TC ; TD] + isin(~p
(3)p(4))fTC ; TDg) (26)
We wish to compute the 1PI two point function hFF i which is obtained
from the diagrams in Fig. 2.
Note that every interaction involving an anticommutator is down by a
factor
p
N due to the normalization of A0. We start by calculating the terms
which are leading order in N . To this order, the vertices are identical to the
commutative SU(N) gauge theory with the replacement
fabc ! fabccos(~p(1)p(2)) (27)














(g(q − p) + g(2p + q) + g(−p− 2q))
((p− q) + g(−2p− q) + (p + 2q))
N(2) = 3(p + q)
2g
N(3) = (p + q)
p
N(4) = −tr[γ(i=[k])γ(i=[k + q])] (29)
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(P 2 −M2)2 (30)
where P = p + xq and M2 = −x(1 − x)q2. We then write the N(i) in terms
of P; q. We can drop terms linear in P by symmetry.















(−2gP 2 − 10P P  − gq2((2− x)2 + (1 + x)2)
+qq(−2(1− 2x)2 + 2(1 + x)(2− x))
N(2) = 3g
(P 2 + (1− x)q2)
N(3) = P
P  − qqx(1− x)
N(4) = 4P
P  − 2gP 2 + 2gq2x(1− x)− 2qqx(1− x) (32)
The terms linear in P 2 in the above expressions give quadratic divergences
which are cancelled in the usual commutative case, but give unpleasant IR
divergences in the noncommutative case [7]. However, in the supersymmetric
case, these divergences cancel.








(P 2 −M2)2 g
2C2(G)
absin2( ~Pq)(qq − gq2) (33)
which is manifestly gauge invariant as in the commutative case.
The noncommutative case therefore diers from the commutative answer








(P 2 −M2)2 cos
2( ~Pq) (34)
and this is always the case if the quadratic divergences cancel in the inte-
grand. As shown in [7], this is always the case in supersymmetric theories.
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The LHS of the equation above produces logarithmic UV divergences (in the
commutative theory). The RHS (in the noncommutative theory) produces
logarithmic IR divergences. The above analysis says that we can obtain the
logarithmic IR divergences of the noncommutative theory by replacing ln
of the commutative theory by lneff . This is identical to the results in [3]
for the scalar eld theory case.
Now the eective action of the usual Yang-Mills theory is of the form
S =
Z
TrF 2 + (g)ln(
p2
2
)TrF 2 +    (35)
where the second term is from the running coupling.
The noncommutative eective action is then of the form
S =
Z
TrF 2 + (g)ln(~p2)TrF 2 +    (36)
Thus, the coecient of the IR divergence is proportional to the beta function
coecient, to the leading order in N . This is also the case for the matter
diagrams. Hence, the beta functions for the quiver gauge theories are accom-
panied by IR divergences with the same coecient. This will be important
in the relation to closed strings.
For completeness, we calculate the subleading 1
N
corrections to the am-
plitude. We will keep the external legs in the nonabelian part of the theory.
The diagrams are then the same as in the commutative case, with the
replacement
fabc ! sin(~p(1)p(2))(abc0 + acb0 + bca0) (37)



















Constructions of SUSY gauge theories as the worldvolume theories of Dirich-
let branes transverse to an orbifold singularity was pioneered in [9]. The
orbifold action is accompanied by an action of the discrete point group Γ on
the Chan-paton matrices, via a nite dimensional matrix representation. In
[9] the regular representation was utilized. This was further developed by the
introduction of fractional branes [10], corresponding to Chan-Paton factors
in arbitrary representations of Γ.
This construction allows for a construction of a general class of gauge
theories, with a prescribed matter content and interactions. As the meth-
ods involved are well known, we refer the reader to [9] for a more detailed
derivation of results used below.
We are interested in putting D3 branes transeverse to an orbifold. We
choose for simplicity two types of orbifolds:
First, we can consider orbifolds of the form C2=Zm, when interested in
N=2 SUSY theories. The single generator of the orbifold acts on two complex
coordinates X1; X2 as follows:
X1 ! e2i=mX1
X2 ! e−2i=mX2 (39)
One obtaines a product gauge theory U(N1)  :::  U(Nm), with a bi-
fundamental hypermultiplet, (Nr; Nr+1), for each neighboring gauge groups
(which are cyclically ordered). The case where all the factors Nr are identical
is the case studied in [9]. In this case the theory turns out to be conformal.
This is reflected in the orbifold model having no twisted sector tadpoles [12].
For other choices of integers Nr, one can have logarithmic divergences, for
example a non-vanishing  function. This class of gauge theories has N =2
supersymmetry, and are therefore non-chiral.
Furthermore, we can consider orbifolds of the form C3=(Zm  Zn), when
interested in N=1 supersymmetric theories. The N =2 example is a special
case of this class of orbifolds. The two generators of Γ, ; , act as above on
the complex planes spanned by (X1; X2) (for ), and on the plane spanned




factors is given by a matrix γ(k;k′).
The matter content can be summarized by the brane box rules [11]. The
gauge group is a product of unitary gauge group, one for each number Nrs,
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where r = 1; :::m and s = 1; :::; n. There are also chiral multiplets in bi-
fundamental representations of neighbouring gauge groups. If we cyclically
order r; s, there are the following chiral multiplets for each r; s:
(Nr;s; Nr−1;s); (Nr;s; Nr;s+1); (Nr;s; Nr+1;s−1) in fundamental ofU(Nr;s)
(Nr+1;s; Nr;s); (Nr;s−1; Nr;s); (Nr−1;s+1; Nr;s) in the anti-fundamental
(40)
This orbifold theory can be chiral, and care has to be taken to obtain
anomaly free gauge theories. This is done by cancelling a certain class of
tadpoles [12]. These are dubbed dimension zero tadpoles in [12]. They are
tadpoles of (unphysical) twisted sector elds which are allowed to propagate
in a dimension zero plane (a point) in C3. Cancellation of such tadpoles is a
consistency condition which has to be imposed in orbifold theories [13]. This
means that the quiver gauge theory is consistent if and only if the complete
string theory is consistent in the corresponding background.
Still, fairly general gauge theories can be obtained by this construction,
consistent with gauge anomaly cancellation. The logarithmic divergences of
those theories result from tadpoles for closed string elds which were dubbed
"partially twisted" in [12]. Those are allowed tadpoles for twisted sector
elds which propagate in a (real) dimension 2 plane in C3. We call those
twisted sector elds dimension 2 elds in what follows.
To describe the relation more precisely, denote the beta function coe-
cients of each non-abelian gauge group factor by r;s. These coecients are
given by:
rs = 3Nr;s − 1
2
(Nr−1;s + Nr;s+1 + Nr+1;s−1 −Nr+1;s −Nr;s−1 −Nr−1;s+1)
(41)
In the orbifold description, there are mn twisted sector scalar elds, de-




group. Some of those twisted sector scalars, for example those which are
twisted only by one of the factors in Zm  Zn, propagate in dimension two
plane in C3. The tadpoles for those elds encode the beta function coecients
[12]. We review this correspondence and compare it to the noncommutative
case in the next section.
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It is now straightforward to construct the noncommutative version of the
quiver gauge theories. In all of the models described above , the spectrum
includes an untwisted NS-NS two form. Therefore one can use the Seiberg-
Witten construction [2], and obtain non-commutative quiver gauge theories
with the matter content described above. We study this realization of the
gauge theories below.
6 Closed String Modes
Having broken the N=4 supersymmetry, which exists on D3-branes in flat
space, we expect to discover the phenomena discussed in [3]. In particular,
the logarithmic UV divergences in SUSY gauge theories are now accompanied
by logarithmic IR singularities. As reviewed above, one then discovers closed
string modes when trying to reproduce the correct logarithmic singularity
within a Wilsonian eective action.
In the present context, having obtained the gauge theory from a string
theory, one should be able to account explicitly for the required closed string
modes. A closed string mode  is introduced for every case there is a logarith-
mic UV divergence in the commutative limit. The eld  couples linearly
to a relevant or marginal operator in the gauge theory, and is allowed to
propagate in two dimensions transverse to the brane.
In particular, for the quiver N =1 gauge theories, there are mn indepen-
dent -function coecients. As shown above, the Wilsonian eective action
is then forced to have additional "closed string\ elds rs, one for each gauge
factor U(Nrs). They propagate in two dimensions transverse to the brane,
and couple linearly to the operator Tr(F 2) in each gauge factor. Note that
the latter coupling is not gauge invariant, as the pure gauge theory has no
local gauge invariant operators. Presumably, the linear coupling is a part
of an innite series of terms that couple r;s to the gauge theory. Only the
leading order term in such series contributes to the logarithmic divergence2.
In order to gain intuition about the elds r;s and their couplings we
consider again the commutative quiver theories. Consider calculating the
-functions in open string theory. This can be extracted from the two point




, on the annulus. Indeed, in the limit
2Similarly, the divergence is not sensitive to the dierence between regular product and
*-product, when multiplying  with the corresponding operator.
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when the annulus degenerates to a loop of open string modes, the annulus
reduces to the standard gauge eld self-energy diagram. The existence of a
non-vanishing beta function manifests itself in a logarithmic divergence in
the integration over the Schwinger parameter, which is the modulus of the









where v4 is the volume of the non-compact directions in string units,
and Fr;s is the eld strength of the gauge group U(Nr;s). The Schwinger
parameter represented by the modulus of the annulus is denoted by l
Now, one can evaluate the annulus diagram in the closed string channel,
where it reduces to an exchange of closed string modes. The only contribution
to a logarithmic modular divergence was shown to arise from the dimension
2 twisted sector elds. Concentrating on the contribution of those elds to
the annulus diagram reproduces the logarithmically divergent part of the

















Here r;sa ; 
r′;s′
b are the Chan-Paton matrices of the two gauge elds. The
closed string modulus is t = 1
2l
. The sum is constrained to include only
dimension 2, or partially twisted, sector elds.













comes from a massless closed string eld
propagating in two transverse dimensions. We note that this is the correct
factorization of the diagram where both open string vertex operators are on
the same boundary component of the annulus. The diagram which has the
vertex operators on dierent boundaries factorizes dierently, but does not
contributes to the self-energy of the non-abelian gauge bosons.
The argument above gives the following relations between the linear cou-








b ) = r;s
ab (45)
where the sum is again over the partially twisted sectors only. The rst
factor on the left hand side is the tadpole of (k;k′) and the second factor is




r′s′) in the gauge theory.
We see that the non-abelian -functions translate in the closed string
channel to the existence of linear couplings between closed string elds (k;k′)
and the operators Tr(F 2) and 1 of the gauge theory. This is very similar to
the couplings needed in the non-commutative case [3]. In the commutative
case the contribution of those closed string modes to open string scattering
vanishes in the decoupling limit, as explained below.
We now turn to the non-commuatative case and discuss the eects of the
elds (k;k′). The Wilsonian eective action of the quiver gauge theory is
forced to have some elds  which couple to operators in the gauge theory.
We see that in the orbifold models there are natural candidates for the elds
. As they are predicted to propagate only in two extra dimensions they
must be the partially twisted sector elds discussed above. Furthermore, we
saw that those closed string elds have linear couplings to operators in the
gauge theory.
To compare explicitely to the prescription of [3], we consider the couplings
of the elds (k;k′). First, their kinetic terms live in 6 dimensions, and couple










where ;  are the commutative directions, on and o the brane, and a; b
are the non-commuting coordinates. The closed string metric in the non





There are also linear couplings to the operators Tr(F 2rs) and 1 in the
gauge theory, as discussed above3.
3The linear couplings can be calculated from disc diagrams in string theory. The
presence of a B-eld merely changes the commmutative gauge elds to non-commutative
ones
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In [3] we are instructed to include the closed string modes  up to a
certain momentum scale, 1
′ , in the transverse directions. This scale is clear
if we consider open-closed channel duality. The eect of integrating out open
strings of momenta higher than  can be summarized by inclusion of closed
strings up to momenta 1
′ . We comment on this cuto further below.
Finally, the relation (45) is exactly the correct relation between the linear
couplings of the elds (k;k′) and the IR divergences. Such relation guarentees
that closed string mode exchange diagrams indeed reproduce all the IR di-
vergences, to the leading order in the ’tHooft large Nc expansion.
The crucial dierence between the commmutative and noncommutative
cases lies in the relation between the open and closed string metrics, giving
a dierent scaling of the closed string metric with 0. The Seiberg-Witten
decoupling limit sends 0 to zero, while keeping open string quantities xed.
This includes the UV cut-o scale .
In the commutative case the eect of the elds  vanishes in the de-
coupling limit 0 ! 0, up to counterterms which renormalize the Wilsonian
eective action. This ts with the interpretation of these eects as summa-
rizing high momentum gauge theory eects.
In the noncommutative case, as shown in [3], the eects of the closed
string modes are non-vanishing in the decoupling limit. Integrating out the
gauge theory high momentum modes does not decouple them in the usual
way. Rather, they have some IR eects which are nicely summarized by
inclusion of some light closed string modes.
7 Conclusions
To summarize, we nd that closed string modes, conjectured by [3] to be
a necessary ingredient of the Wilsonian eective action, do indeed exist in
a concrete example. In the example studied, working with a nite cuto
couples the open string back to the closed string in a controllable manner.
Using the clsoed string elds we were able to reproduce the infrared behaviour
in the leading order in the large Nc limit.
The discrepancy has to do with the overall U(1) contribution in the loop,
and is independent of the details of the gauge group or the matter content.
This suggests an additional "singleton\  eld to account for this divergence.
It would be interesting to discover that closed string directly.
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Another puzzling aspect of the analysis is the origin of the cuto on the
closed string momenta. The eect of integrating out open strings of momenta
higher than  is summarized by inclusion of the massless closed strings, which
have momenta up to 1
′ . However, this momentum scale is higher than the
string scale, and therefore it is not clear why massive closed string modes
should not be included4. This might have to do with supersymmetry, as
suggested in [14]. We note that any such contribution is surprising, and it is
conceivable that only a small subset of closed string mode can produce the
correct behaviour. For example, massless closed string states that propagate
in more than two dimensions do not contribute to the infrared divergences.
We do not, however, have a clear understanding why massive twisted sector
mode apparently make no contribution.
Finally, in the context of orbifolds, the quadratic divergences present a
puzzle. The results in the supersymmetric cases discussed above strongly
suggest that quadratic divergences can be accounted for by dimension zero
tadpoles: tadpoles for twisted sector scalars that are forced to a point in
the transverse space. However, consistency condition for string on orbifolds
require vanishing of all such tadpoles [13]. These conditions stem from an
inconsistent equation of motion for such elds, and naively have nothing to
do with supersymmetry.
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